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1. INTRODUCTION AND MAIN THEOREMS 


For an elliptic curve E over a number field F, we write L(s, E/F) for its complex L-function, E(F’) 
for the Mordell-Weil group of E over F, and IN(E/F) for its Tate-Shafarevich group. For any prime p, 
let I(E£/F')(p) or I (£/Q)[p®] denote the p-primary part of (E/F). When F = Q, we shall simply 
write L(s, E) = L(s, E/Q). 


Theorem 1.1. Let E be an elliptic curve over Q with complex multiplication. Let p be any potentially 
good ordinary odd prime for E. 

(i) Assume that L(s, E) has a simple zero at s = 1. Then E(Q) has rank one and II(E/Q) is finite. 
Moreover the order of I(E /Q)(p) is as predicted by the conjecture of Birch and Swinnerton-Dyer 
conjecture. 

(ii) If E(Q) has rank one and I(E/Q)(p) is finite, then L(E, s) has a simple zero at s = 1. 


Remark. The first part of (i) is the result of Gross-Zagier and Kolyvagin. The remaining part is due to 
Perrin-Riou for good ordinary primes. In this paper, we deal with odd bad primes which are potentially 
good ordinary. The result can be easily generalized to abelian varieties over Q corresponding to a CM 
modular form with trivial central character. 

The following theorem shows that there are infinitely many elliptic curves over Q of rank one for which 
the full BSD conjecture hold. 


Theorem 1.2. Letn = 5 mod 8 be a squarefree positive integer, all of whose prime factors are congruent 
to 1 modulo 4. Assume that Q(./—n) has no ideal class of order 4. Then the full BSD conjecture holds 
for the elliptic curve y? = z3? — n?x over Q. In particular, for any prime p = 5 mod 8, the full BSD 


holds for y? = x3 — pz. 


Sketch of Proof. Consider the Heegner point P constructed using the Gross-Prasad test vector as the 
below Theorem 1.3. Using an induction argument as in [16] or [17], one can show that P is non-torsion. 
Thus both the analytic rank and Mordell-Weil rank of E\”) : y? = z3 — n?z are one. 

By Perrion-Riou [12] and Kobayashi [8], we know that the p-part of full BSD holds for all primes 
p{2n. The 2-part of BSD for E) is exactly the statement on 2-divisibility in Theorem 1.3 below by 
using explicit Gross-Zagier formula in [2] and noting that dimp, Selo(E /Q)/Im(E™ (Q)tor) = 1. By 
Theorem 1.1, the p-part of BSD also holds for all primes p|n, since all primes p with p = 1 mod 4 are 
potentially good ordinary primes for B®. 


To solve the Diophantine equation y? = x? — n?z over Q, we define the complex uniformization of 


E™) by the following composition. 


H 5 To(32)\H.U PHQ) = Xp(32) $ B® EH, pO +, pO, 
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where 


© H + T9(32)\(HU P!(Q)) = Xo(32)(C) is the natural quotient, 

e fo : Xo(32) > E™ is a degree 2 morphism over Q mapping [oc] to O, 

e {2 — 2i] is the multiplication by 2 — 2i on E“), where i(x, y) = (—a, iy), 

e 1: EY + E is the twist isomorphism given by (x,y) => (—na, (—n)3/y). 


The following theorem, which is equivalent to the 2-part BSD for E”) using explicit Gross-Zagier formula 
in [2], and can be proved exactly as in [16]. 


Theorem 1.3. Let n = 5 mod 8 be a square-free positive integer as in Theorem 1.2. Then the image 
P) € E™ of (4—4/—n)~1 € H under the above complex uniformization is defined over the Hilbert 
class field H of Q(/—n). Moreover the Heegner point P := De €Gal(H/O(V=n)) PS actually belongs to 
E)(Q). Let u(n) be the number of prime factors of n. Then P € 24#™-1B™(Q) + E™(Q)tor but 
P g 2 EM (Q) + E™ (Q)tor- In particular, P is of infinite order. 

Moreover, the Mordell-Weil group E™)(Q) is of rank one and the index of its subgroup generated by 
P and torsion points satisfies 


[BO (Q) : ZP + B(Q)eoe] = 20- . VE]. 


Example For the prime p = 1493 = 5 mod 8, the Mordell-Weil group E™)(Q) modulo torsion has a 
generator 


1674371133 51224214734700 
744769” 642735647 


as well that Heegner point (x,y) has coordinates 


_ 245615354991472149396897545942269693272895 149837 1630131453 


2958501182854207571944468687561920064681205358510529 =” 
_ 121725780668263596873618123810557983972375660184180439465365335709906181098721585260100 


2 160919109605479862871753246473210772682219745687839109456974711787796868892833 
It follows that I(E®) /Q) = (Z/32)?. 


Let E be an elliptic curve defined over Q, with complex multiplication (= CM in what follows) by 
an imaginary quadratic field K. Let p 4 2 be a potential good ordinary prime for Æ. Note that p must 
split in K, and also p does not divide the number wg of roots of unity in K. 

Assume that L(s, E) has a simple zero at s = 1. Choose an auxiliary imaginary quadratic field K such 
that (i) p is split over K and (ii) L(s, E/K) still has a simple zero at s = 1. Let E“) be the twist of E 
over K, then L(1,E“)) 4 0. Let 7 be the quadratic character associated to the extension K/Q and nx 
its restriction to K. Let Qœ be the cyclotomic Z,-extension of Q, and put T = Gal(Q../Q). For any 
finite order character v of I, let vg denote its restriction to Gal(KQ../K). Consider the equality 


L(s,E @v)L(s, E @v) = L(s, Ex 8 vg) 


and its specialization to s = 1. Let Zg, Lyn, be the cyclotomic-line restrictions of the two Katz’s two 
variable p-adic L-fucntion corresponding to E and E (X) respectively. Let Le /x be the cyclotomic-line 
restriction of the p-adic Rankin-Selberg L-function for Æ over K. The ingredients needed to prove the 
p-part BSD formula of F are the following. 


(1) Rubin’s two variable main conjecture[14] in order to relate the p-part of IN(H/K) with (1). 
Note that ord,(|HI(£/k)|) = 20rd, (|I (E /Q)|) for odd p. 

(2) The complex Gross-Zagier formula [19] and the p-adic Gross-Zagier formula [4], which relate 
iy) (1) and L/(1, E/K) = L' (1, E/Q)L(1, E /Q). 

(3) The precise relationship between 27 (1)-ynx (1) and -Z;,/,,(1), and also between Z,,,(1) and 
L(1, E0). This follows from the above equality of L-series and the interpolation properties of 
these p-adic L-fucntions. 


Suppose that Æ has bad reduction at p which is potential good for E. Let p denote a prime of K above 
p. There is an elliptic curve E’ over K with good reduction at p. In the process of proof, we need to 
compare periods, descends etc between E and F”. 
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Notations. Fix a non-trivial additive character % : Qp —> Cf with conductor Zp. For any character 
x: Q% > Ch, say of conductor p” with n > 0, we define the root number by 


rov =a fatwa 


where dt is the Haar measure on Q, such that Vol(Z,,dt) = 1. Fix embeddings to : Q © C and 
ly: Qo C, such that tp = LO tæ for an isomorphism z : C 3 Cp. For an elliptic curve E over a number 
field F and p a potential good prime for E, let ( ,).. and (, )p denote the normalized Néron -Tate height 
pairing, and the p-adic height pairing with respect to cyclotomic character. Let P,,--- , P, € E(F) form 
a basis for E(F) ®z Q, define the regulars by 


det (Pi, Poo) psn _ 
FUR ETRE (E/P) = 


det ((P;, Pi)p)yxr 
[E(K) : X; ZP; 


Roo(E/F) = 


For any character y of R x, let fy C Ox denote its conductor. For an elliptic curve Æ over K, let 
fg denote its conductor. For any non-zero integral ideals g and a of K, let g(® denote the prime-to- 
a part of g. Let D be the completion of the maximal unramified extension of Zp and D, the finite 
extension of D generated by the values of x. Let L../K be an abelian extension whose Galois group 
G = Gal(L../K) = A xT with A finite and T = Z4. Then for any D[[G]]-module M and character x of 
A, put My = M @pjgqj,x Dy [[F]]. If pt A], let MX denote its x-component (as a direct summand). 


Acknowledgment. The authors thank John Coates, Henri Darmon and Shouwu Zhang for their encour- 
agement. 


2. KATZ’S p-ADIC L-FUNCTION AND CYCLOTOMIC p-ADIC FORMULA 


Let E be an elliptic curve defined over K with CM by K and ọ its associated Hecke character. Let 
pt wr be a prime split in K and pOx = pp* with p induced by zy. In particular, Kp = Qp in C, and 
let Yp = Wp on Ky under this identification. Let Qp be a p-minimal period of E over K. Let y be the 
associated Hecke character of E and p its p-component. Let fg be the conductor of y. 

Let F be an abelian extension over K with Galois group A. Assume that p {|A| and denote by fr/x 
the conductor of F. Let G be the Galois group of the extension F'(E[p™]) over K. Then G = Gror x TK 
with Tg = Gal(F(E[p™*])/F(£[p])). Let A = Z,[[G]]. Let Ux and Cœ denote the Z,[[G]|-modules 
formed from the principal local units at the primes above p, and the closure of the elliptic units for 
K(E|p®]) (see §4 of [14] for the precise definitions.) 


Theorem 2.1 (Two variable p-adic L-function). Let g be any prime-to-p non-zero integral ideal of K. 


Assume that 5? Ig. There exists a unique measure [ig = Mg,» on the group G = Gal(K(gp*)/K) such 
that for any character p of G of type (1,0), 


T(pp,p) 1—plp)p—* L)(p,1) 


T(Pp, p) 1—p(p)p-4 Qg 


p(l) = 


Here L(9P) (p, s) is the imprimitive L-series of p with Euler factors at places dividing fp-removed. 


Proof. It follows from the below lemma, 2.3 and construction of Katz’s two variable p-adic measure, see 
Theorem 4.14. 


Theorem 2.2 (Yager). For any character x of Gror, let f = P and yx = x(u) € D[[['x]]. Then we 
have 


Char(Usc/Coo)x DIT xl] = (ut) - 
Here the measure py is defined as in Theorem 2.1. 
Lemma 2.3. Let E/K be an elliptic curve associated with to a Hecke character yp, p splits in K and 


write pOK = pp*. Let po be a Hecke character over K unramified at p. Let Qe and Qo be p-minimal 
periods of E and po, respectively. Then 


ial (Feet ) ap 


0 
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Proof. This follows from Stickelberger’s theorem on prime ideal decomposition of Gauss sum. In fact, 
for p{ w = wg, E has p-minimal Weierstrass equation of form 


E:y? = £? + ager? + ase + a6, a2, a4, a6 E K* N Op. 


Note that for w = 4,6, we may-and do- take form y? = z? + agx, y? = x3 + ag, respectively. Then there 
is an elliptic curve E’ over K which has good reduction at p. Let y’ be its associated Hecke character. 
Then € = pg"! : Aj. /K* — O% (also viewed as a Galois character via class field theory) is of form 
x(a) = o(d'/”)/d'/” for an element d € K*/K*”. Then the twist E’ has p-good model 


y? = x? + daz? + dass + Bag, if w = 2, 
E' : < y? = z? + dazz, if w = 4, 
y? = 2° + dag, if w = 6. 


It is easy to check the Qp, = d 1/w. Op. Let w : O; —> Hw C K be the character characterized by 
w(a) = a mod p and let x = w-/”_ Then ey = x for some k € Z/wZ. Let kp = F, be the residue 
field of Kp. By Stickelberger’s theorem, the Gauss sum g(ép, Y) := — X aes* cplajy (a) m p-valuation 
{k/w}. It remains to show that k = ord,(d). Note that for any u € OX, K,(u!/”) is unramified over 
Ky. Thus it is equivalent to show that for any uniformizer 7 of Ky, 


Tula! ®)/n tY = uPD mod p, Vu € OF. 


But it is easy to see this by using local class field theory for formal group associated to x? — mz. 
For general Hecke character yo over K unramified at p (not necessarily K-valued) and Qo its p-minimal 
period, it is easy to see that ordy(Qo/Qz,) = 0. 


Let Xeye, : G > Z% be the p-adic cyclotomic character defined by the action on p-th power roots of 
unity. Define 
Lion (s) = Hy) (PEX K)» Vs € Zp- 
Rubin’s two variable main conjecture implies the following theorem. 


Theorem 2.4. Let E be an elliptic curve defined over K with CM by K and ọ its associated Hecke 
character. Let pł wg be a prime split in K and pOx = pp*. Letr be the Ox-rank of E(K). Assume 
that IU(E/K)(p) is finite and the p-adic height pairing of E over K is non-degenerate. Then 


(1) both Z,(s) and Y5(s) have a zero at s = 1 of exact order r. 
(2) the p-adic BSD conjecture holds for E/K: 


(r r) 7 
n . I] (a — ppr(v)) (1 = Px) ) 
Rp v|p 


provided the assumption that if wg = 4 or 6 then E has bad reduction at both p and p* or good 
reduction at both p and p*. 


Moreover, if E is defined over Q, then we have 


ord, (|II(E/K)|) = ord, 


(r) L- -nai 
ordp(II(E/Q)) = ord, | SFT] (C - e0) (1-7) 
R v|p 


Proof. Let € be a Galois character over K valued in O% such that y! = ye is unramified at both p and p*. 
Let E’ be the elliptic curve over K as e-twist of E so that y’ as its Hecke character. Then E’ has good 
reduction above p. Let F be the abelian extension over K cut by e, then [F : K]|wx. Moreover, E and 
E' are isomorphism over F, E'(F)© = E(K), and II(E’/F)[p%] & II(E/K)[p®]. Let Fo = F(E[p)) 
and x : Gal(Fo)/K) — Oğ% be the character giving the action on E[p] 

Let Fo = F(E[p®]). Let Mx» be the maximal p-extension over Fæ unramified outside p and 
Xoop = Gal(Mæ,p/Fəœ). Denote by Ux and Cy C Ux the A = Z[[Gal(F.,/K)]|-modules of the 
principal local units at p and elliptic units for the extension F (defined as in [14], §4). Rubin’s two 
variable main conjecture, together Yager [18], says that 


Chara (XX, »)D[[Gal(F/Fo)]] = (Paa) 
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where for an integral ideal g of K prime to p, the measure ug is given as in Theorem 2.1. Let 
Sel(F'., E[p%]) be the p-Selmer group of E over Fy, and Sel( Fæ, E[p~])Y its Pontryajin dual. Then 
Sel(F'., E[p%])” is a finitely generated A-torsion module and 


Chara (Sel( Fo, E[p™])”) = tpChar( XX p), 


where ty : A > A,y — Kpy(7)7y for any y € Gal(F.,/K) and ky is the character of Gal(F.,/K) giving 
the action on E[p®]. Similarly, we also have that 


Char, (XX ,»)D[[Gal(F../Fo)]] = (oy) 5 Char, (Sel(F.,, E[p*™])”) = tp Char(X%, p+). 


Let Feyc be the cyclotomic Zp extension, and Avy. = Zp[[Gal(Feyc/K)]] = A xT where A = Gal(F/K) 
and [ = Gal(Feyc/F). Let Sel(Fiyc, E[p°°]) denote the p-Selmer group of E over Fry. and then its 
Pontryagin dual Sel(Feyc, E[p™])Y is a finitely generated torsion Acy--module. We have 

Sel(Feyc, E[p™]) = Sel(Feyc, E[p™]) © Sel(Feye, Elp] 
2 Hom(X%,p, E[p®])G2lFoe/ Feve) @ Hom(X 0p: E[p*]) EF /Feve) 


Here the second equality is given [10] Proposition (1.3), Theorem (1.6) and Lemma (1.1), the last one is 
by the same reason as [14] Theorem 12.2. It follows that 


Char... (Sel(Feye, E[p*])”)D{[Gal(Frye/F)]] = CRTA ` 


Denote by Xcyc the cyclotomic character. Let fe be a generater of Charz, grj) (Sel(Feyc, E [p™]) Y) ^ and 
define 
L (5) = xiy (fE) Ys € Zp. 
Then we have Z (s) = u(s)Zpp(s)Zpz(s) for some function u(s) valued in D*. 
Note that E over F has good reduction above p. Employing the descend argument as in [15], noting 
that the “descent diagram” in [15] §7 for E over F is A = Gal(F/K)-equivariant, and taking A-invariant 
part, we have 


Proposition 2.5. Let r:=ranko, E(K). Assume that M(E/K)|p™] is finite and p-adic height pairing 
is non-degenerate on E(K). Then Y(s) has exact vanishing order 2r at s = 1 and if let Y*(1) denote 
its leading coefficient at s = 1, 


2*(1) R 
R,(B/K) ~ [Il (E/K)|- [2G alF pe) /F), BUF oe) Sekt) 
Here for any a,b € Cy, write a ~ b if ordp(a/b) = 0. 


The follow lemma will complete the proof. 


Lemma 2.6. Let vo =p or p*. Assume that if wg = 4 or 6 then E has bad reduction at both p and p* 
or good reduction at both p and p*. Then 


|H? (Gal(F (up~)/F), E(F (up) 8x Kuo))”| ~ (1— pelvo))( — pe(vo)). 


The remain part of this section will devote to the proof of this lemma. Note that [15] handled the 
case where E has good reduction above p. We now assume that E has bad reduction either at p or at 
p*. The isomorphism between E and E’ over F gives rise to an isomorphism 


H’ (Gal(F(tip~)/F), E(F (up~) 9x Kyo)” > H' (Gal(F(up=)/F), E'(F(up=) 8K Ku) 


We will need Proposition 2 in [15] that for any elliptic curve A over a local field k with good ordinary 
reduction and let A denote its reduction over the the residue field «x of k, we have 


|H* (Gal(k(Hp=)/k), A(k(Hp=))) = |A(x) [p°]. 


Let w|vo be a place of F above vo and ky/Ky, be the residue fields of Fuy and Ke, respectively, we have 


|E' (kw) ~ (1 — YE! (vp) *"i*~0!) (1 a pm oo) **) 
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If wg = 2, then F/K is a quadratic extension. If E is ramified at vo, then F/K is ramified at vp and 
let w be the unique place of F above vo, we have Ky = Ky, and thus 
_ | (Gal( Fu (up=)/Fw), E' (Fu (ups) | 

|H! (Gal( Kv (Mp )/ Kvo), E' (Koo (Mp ))) | 
[Eru 

|E' (Kvo )| 


If E has good reduction at vo, then F/K is unramified at vo. If vo is split over F, then F 8g Ku, S K? 
and €,, = 1. It is easy to see 


|H? (Gal(F (pp )/F), E'(F (up) 8x Kuy))*| ~ (1 = ge(v0))(1 — pe (v0). 


If vo is inert in F, let w be the unique prime of F above vg. Note that ph, = Pvo€vo and e(vo) = —1. 


|H (Gal (Fu (up~)/Fw),E'(Fu(up=))) | _ LE" (Kw) 


[E (Gal(Ku,(Hp~)/Kug), E(Kuo(Hp~))) | |B (Kug)| 
5 : 
1 — (we)(v9)?)(1 — ve(u 
~ EAD) EX eel ol) _ 1 — poy) (1 — 0) 
(1 — (ve)(vo))(1 — ve(vo)) 
If wx = 4 or 6, by our assumption, vg must be ramified over F and e is non-trivial on its inertia 
subgroup. The proof is now similar to the previous ramified case. 


|H? (Gal(F(up~)/F), E'(F (Mp) 89x Ku)) | 


=l: 


|H" (Gal(F (up=)/F), E'(F (mp) 8x Kvo)) | 


3. œ0-ADIC AND p-ADIC GROSS-ZAGIER FORMULAE 


Let E be an elliptic curve over Q of conductor N and ¢ its associated newform. Let p be a prime where 
E is potential good ordinary or potential semi-stable. Let a : Q@ — Z% be the character character 
contained in the representation (V,E)** of Go, such that al zx is of finite order. 

Let K be an imaginary quadratic field such that e(ÆE/K) = —1 and p splits in K. Let [x be the Galois 
group of the Z;-extension over K. Recall that [4] there exists a p-adic measure ypyg on I such that 
for any finite order character x of Tx 


Le 
X(ME/K) = a g J| Zo (xw dw); 


w|p 


where (¢,@) is the Peterson norm of ¢: 
w=] \ee)Pazay, z=2+iy, 
To(N)\H 


and for each prime w|p of K, let aw = a o Nk, /Q, and Ww = Yp 0 Trx,,/Q,; and let Yw be a uniformizer 
of Kw, then 


1 — QwXw(WMw)!)(1 — QuXw(@w)pt)?, if QwXw is unramified, 
Abie t (Pu) (@w)p~") 


pT ((QwXw) t, Yw), if &wXw is of conductor n > 1. 
The following lemma will be used to prove our main theorem. 
Lemma 3.1. Let E be an elliptic curve over Q with CM by an imaginary quadratic field K. Assume 
p is also split in K write pO = pp* with p induced by tp, i.e. identify Ky with Q, and the non-trivial 


element T € Gal(K/Q) induces an isomorphism on Ax and thus T : Kp» + Ky = Qp. Let ọ be its 
associated Hecke character. Then we have a = pp» oT™} and (a~"Xcyc)(£) = Yp(x)a~" for any x € QX. 


Moreover, for any place w|p of K, any finite order character v : Q*/Q*Z* OZ or —> Up» viewed as 
character on Tg by compose with norm 


1 = (ppr Dp) 
1- (ppi V0) 


Zw (ww, Y) = T(P", Y) ` 


Proof. The claim follws from the relations YẸ = | I and g7 = Ọ. 
K 
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Let Xeyox : Tk > Zo denote the p-adic cyclotomic character of Gx. Let x be an anticyclotomic 
character. Define -Zpg/K,x to be the p-adic L-function 


Zerik xls) = bey (XXeyer), sE Zp. 
For trivial x, we write pyx for Lexy. 


Theorem 3.2 (See [19] and [4]). Let E be an elliptic curve over Q and K an imaginary quadratic field. 
Let p be a potentially good ordinary prime for E and split over K. Assume that «(EL /K) = —1. Then 


Layxxl)  L(E/K,x,1) L'(E/K,x, 1) 


Rp(E/K,X) Tup Zoutu) RælE/K, x) - 879,9) 
Here L (E/K, x,1) is the Euler factor at p. In particular, Lr ix (1) = 0 if and only if L'(E/K,1) =0. 


Proof. Let B be an indefinite quaternion algebra over Q ramified exactly at the places v of Q where 
€y(E/K, x)nv(—1) = —1. It is known that there exists a Shimura curve X over Q (with suitable level) 
and a non-constant morphism f : X — E over Q mapping a divisor in Hodge class to the identity of Æ 
such that its corresponding Heegner cycle P,(f) is non-trivial if and only if L’(1,¢,x) 4 0 by Theorem 
1.2 in [19], and if and only if Lr ix, (1) # 0 by Theorem B in [4]. Thus L’(£/K,x, 1) = 0 if and only if 
Lr ix, (1) =0. 

Now assume that L'(E/K,1) #0. By an argument of Kolyvagin, we know that (E(K,,) ® O,)* is of 
O,-rank one, 


Aa 


Wea Pelt) — hyp(Py(f)) Q”. 


By [19] theorem 1.2, 


LĽ'(E/K,x,1) = hwr(Py(f)) 4L (1,7) L(1, 7, ad) a x) 
Roo(E/K, x) -877(¢,¢)  Ro(E/K,x) mex  87°(¢,¢) 


and by [4] theorem B (with our definition of Ygjx_y), 


Zei) — Ayp(Py(f)) 4L(1,7) Lup Zw (Xw: Vu) LCL, wad) -1p ) 
R@Æ/K, À  Rp(B/K,x) ro Lp(E/K,x,1) 8*9, 9) me 


where the a(f,) € U”. The theorem follows. 


Now we give an explicit form of p-adic Gross-Zagier formula as an application. Let c be the conductor 

of x. Assume the following Heegner hypothesis holds: 

(1) (c, N) = 1, and no prime divisor q of N is inert in K, and also q must be split in K if q?|N. 

(2) x([q]) Æ aq for any prime q|(N, D), where q is the unique prime ideal of Ox above q and [q] is 

its class in Pic(O-). 

Let Xo(N) be the modular curve over Q, whose C-points parametrize isogenies E, — Ez between elliptic 
curves over C whose kernel is cyclic of order N. By the Heegner condition, there exists a proper ideal M 
of Oe such that O./N S Z/NZ. For any proper ideal a of Oc, let Pa € Xo(N) be the point representing 
the isogeny C/a — C/aN~!, which is defined over the ring class field He over K of conductor c, and 
only depends on the class of a in Pic(O,). Let Jo(N) be the Jacobian of Xo(N). Let f : Xo(N) > E be 
a modular parametrization mapping the cusp œ at infinity to the identity O € E. Denote by deg f the 
degree of the morphism f. Define the Heegner divisor to be 


P(f)= So f(Pa) 9 xla) € BAe). 
[a]EPic(O.) 


Theorem 3.3. Let E, x be as above satisfying the Heegner conditions (1) and (2). Then 


— 9-H(N,D) , 877 (ġ, drow) f ho(Px(f)) 
u?/ |De] deg f ” 
where u(N, D) is the number of prime factors of the greatest common divisor of N and D, u = [OX : Z*] 


is half of the number of roots of unity in O., and Reo is the Néron -Tate height on E over K. 
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L’(1, E, x) 


Moreover, let p be a prime split in K and assume that E is potential ordinary at p (i.e. either potential 
good ordinary or potential semistable), then we have 


Tip Zu(Xw, Yw) 2ND) a (PAF) 
L (E/K, x, 1) u2 /De|  degf 


where hp is the p-adic height on E over K. 


Yik xl!) = 


Proof. The explicit form of Gross-Zagier formula is proved in [2]. The explicit form of p-adic Gross-Zagier 
formula then follows from the relation in Theorem 4.1. 


4. PROOF OF MAIN THEOREM 1.1 


In this section, let E be an elliptic curve over Q with CM by K and Qp the minimal real period of Æ 
over Q. Let pł wg be a prime split both in K. 


Lemma 4.1. Let K be an imaginary quadratic field where p splits, 7 the associated quadratic character, 
and ng its base change to K. Assume that e(E/K) = —1. Then there exists a p-adic unit u such that 


T(Pp; Wp)? i l% 
T Blg) een 


Proof. It’s enough to show that for any finite order character v : Q/Q* PXO ZX or — C*, we have 


Lak = 


Q2 
velue/k) =T” (Yp, by) gag pi Pr mleno). 


Here vg = v o Nxjg and vg =v o Ngjo. By interpolation property, the left hand of the formula in the 
lemma is 


L®)(1, 6,0") 
~~ 872(6, 0) II Zw (QwVw, tw), 


w|p 
Note that K/Q splits at p and then n, is trivial, the right hand side of the formula in the lemma is 


2 ss SSS 
T(Yp¥p > Ye)? f1- prip) LOW (y=, 1) Lh) (pv-ing,1) 
T (Pp, Y)? 1— pv—"(p)p-! Q Q 


Then the formula follows from lemma 3.1. 


We are ready to prove Theorem 1.1. Assume that L(s, £/Q) has a simple zero at s = 1 and that p is 
a bad but potentially good ordinary prime for E. Let p be the Hecke character associated to E and fo 
its the prime-to-p conductor. We may choose an imaginary quadratic field K such that 
e L(s,E/K) also has a simple zero at s = 1. 
e pis splits in K. 
e the discriminant of K is prime to fo. 
Note that related Euler factors are trivial in this case, we then have 
L(1, E®)) 
lrk ° 
g gK?) __ V(E/K,1) 
R (E/K)r(pp, Yp)? Ræl(E/K)8T?(ġ, $) 
, _ %,(1) 
+ ord([1N(E/Q))) = ord, (27). 
e ord, (z B/K (1) | 
£41) Zonk (1) 8177 (o, p) 


e ord, (=) = ordy (PER) =0. 


© Lon. (1) = 


= ord, 


It follows that L(E/Q.1) 
ord, (|L (£/Q|)) = ord (a gaa) 
This proves Theorem 1.1 (i). Assume that E£(Q) has rank one and M (E/Q)(p) is finite, or equivalently, 
E(k) has Ox-rank one and IN(E/K) is finite. By [1], the cyclotomic p-adic height pairing is non- 
degenerate. Thus both Vp, and -sp have exactly order 1 at s = 1, therefore @g/x has exactly order 
8 


one at s = 1. It follows from p-adic Gross-Zagier formula that the related Heegner point is non-trivial 
and therefore L(E,s) has a simple zero at s = 1. This completes the proof of Theorem 1.1. 
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